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International co-operation has strongly intensified during the last decades owing to rapid 
developments in scientific communication. Economic, political, and intra-scientific factors also 
strongly influence international collaboration links among individual countries. Obviously 
research results of international scientific co-operation are reflected in the documented scientific 
communication as international co-authorship links in scientific publications, Most bibliometric 
studies on this issue pertain to the share o f  international co-authored papers in national 
publication output and their impact on national and international research, or to the analysis and 
mapping o f  the structure of collaboration links. The present study attempts to develop a model to 
measure and analyse the extent of multilateral international co-authorship links. A new indicator, 
the Multilateral Collaboration Index (p )  is introduced and analysed as a function of the share o f  
internationally co-authored papers (ƒ), Based on ƒ  a series expansion approach is applied that can 
be considered an extension o f  a fractionation model by Nederhof and Moed and allows 
classifying the extent of multilateral links both among science fields and among individual 
countries, The paper is concluded by a first attempt to estimate the errors involved in our 
approach.
Introduction
During the last decades international collaboration in science has been rapidly 
groing. Though bibliographic data from the Science Citation Index® of the Institute for 
Scientific Information (ISI, Philadelphia, PA, USA) reflect a certain 'saturation5 in
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international scientific collaboration since 1994, the phenomenon has been the object of 
many recent studies which pertain to its various economic, political and many intra- 
scientific causes but which also attempt to create or apply suitable models to measure 
tendencies in and the impact of internationalising scientific research (e.g., deBeaver and 
Rosen3 1978, 1979a, 1979b, Schubert and Braan, 1990, Narin and Whitlow, 1990, Lee 
Pao, 1992, Gldnzel and Winterhager, 1992, Luukkonen et al, 1992, Luukkonen et al, 
1993).
Research results of international scientific collaboration are usually published in the 
scientific literature. From the bibliometric viewpoint, this form of documented science 
communication makes international collaboration measurable. Most bibliometric 
studies on this issue are thus concerned with the share of internationally co-authored 
papers in the national publication output and their impact on national and international 
research, or with the analysis and mapping of the structure of collaboration links. The 
share of ‘international papers’ and the analysis of selected collaboration clusters, 
however, reflect only certain aspects of scientific collaboration.
Among the attempts to quantify multilateral research and to derive rules from 
defined indicators we mention the fractionation approach by Nederhof and Moed 
(1993). This approach, originally elaborated for the national level of aggregation, 
results in a veiy simple model that describes the fractionation degree, i.e., the weights 
of countries involved in multinational publications, as a linear function of the number 
of international co-authored papers. Though Nederhof and Moed have developed this 
method to estimate fractionation based on on-line retrieved shares on internationally co­
authored papers, and although they have also conducted error calculations for their 
model, it should be stressed that the deviation of empirical data from the regression line 
should not necessarily be inteipreted in terms of perhaps insufficiently good fits or 
limited validity of the underlying model. Deviations may also express significantly 
differing collaboration patterns in several countries. Fractional counts are, however, not 
only influenced by the share of multinational (international) papers, but also by the 
extent of multilateral international collaboration in the individual countries. In the 
present study the authors, therefore, attempt to measure and analyse the extent of 
multilateral international co-authorship links and to compare the results with two 
particular models based on the countries’ share of international publications; this can be 
considered a methodological extension of the aforementioned fractionation approach by 
Nederhof and Moed.
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Constructing the model
Determining internationally co-authored papers
In the past decades, as the possibilities of computer manipulation of large data sets 
have developed rapidly, bibliographic databases have become the primary object of 
research in scientometrics. In this section we describe an indirect method to obtain the 
share of papers which are the product of international co-operation. The method can be 
used for the Science Citation Index®, as well as field-oriented, abstract-type databases 
like Physics Abstracts®. In contrast to a CD-ROM version it is generally not possible 
for on-line versions of bibliographic databases to obtain directly the number of 
internationally co-authored papers for a certain (sub)set of publications. We describe 
this indirect method below, even though it is rather well-known, because we need this 
description to develop a new parameter that can be used to study bibliometricaliy the 
extent of multilaterality in international collaboration.
First one selects a set of publications (e.g., for a certain subfield and for a certain 
period of time). Secondly for this particular set one determines the nationalities of all 
authors of these papers (first authors, as well as co-authors). As an example let us 
assume that we find USA, UKD, FRA, GER, JPN, ... , and HUN. As the next step one 
determines for this publication set the number of publications, which are written by 
authors of different countries. If our country of interest is Hungary than we obtain 
Ajh u n % i n n  the total of Hungarian publications with at least one co-author from an 
other country, as follows
N H U N , m t  —  N h U N . U S A  U  N ' h U N . U K D  ^  N H U N , F R A  U  N H U N ,  G E R  ^  ^ H U N , / P N  u  -  ( 1 )
where, e.g., vsa denotes the set of papers with authors both from Hungary as
well as the USA, and U  denotes the union of two sets.
Now we have determined USA etc., we will introduce the number o f
international collaboration links as the sum of these numbers
M h u n m  ^ n h u n , u s a  +  N h u n , u k d  +  n h u n , f r a  +  K h u n , g e r  +  N m / N , j p n  +  • • • .  (2 )
It is.important to stress at this point that it is possible in a straightforward manner to 
obtain N;nt and Mint empirically for any set of publications under consideration, as 
outlined above! As we will see in the following sections, it is possible to classify the 
type of multilateral collaboration, once both parameters have been determined.
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Structure of multilateral collaboration
9
Let us now turn to the underlying structure of these parameters. We introduce the 
following notations. For convenience sake we drop the prefix for the country under
♦
study in the following. Let n\ then denote the number of a country’s publications with 
co-authors from i different countries. Thus n\ denotes the number of domestic papers, 
ri2  the number of bilateral, n3 the number of trilateral papers, and so on. Consequently, 
we have
N  = n 1 + ri2 + /13 + + ... + + ... == n \ + Nini 3^^
where N  is the total number of publications for this country, and
Nint -  ni + «3 + «4 + ... + m + ... . (4)
By definition the share of internationally co-authored papers ƒ  is the ratio NiniiN . 
Therefore
Ntnt = /W = / (  », + NllU) = « ,/ / ( l —ƒ) (5)
The number of international collaboration links M\n^ as defined in Eq. (2), is equal 
to the number of multilateral co-authorship links determined by countiy pairs. When 
for a given country all publications in a certain field are produced in collaboration with 
other countries a, b, c, dt ..., the total number of papers in combination with each of 
these countries is
ma = na + nab + nac + nad + ... + nahc + nclbd + nbcd + ... + nabcd + ... 
mb = n b +  nab +  n bc + n bd + ... +  nabc + n bcd + n abd + . . .  + nabccî + ... 
mc = nc + nac + n bc + ncd + ... -I- nabc + nacd + n bcd + ... + nabcd + ... (6) 
md =  n d +  nad  +  +  /*Ci/ +  . . .  +  +  n hcd +  +  . . . +  4 - . . .
«  » «
Here na is the number of bilateral papers with authors from the countiy under study 
together with authors from country a only; nab is the number of trilateral papers with 
together with authors from countries a and b only; etc. If one looks at Eq. (6), it is 
easily seen that the number of papers produced by each countiy pair appears twice; that 
each trilateral combination appears thrice, etc. Hence we obtain
Mint ~ ma + mb + mc md + • • • “ n2 + 2/23 + + 4n5 + ... (7)
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Now we introduce a new variable, the fractional count Nf, for which the weights of 
countries involved in multinational publications are a linear function of the number of 
countries involved, i.e.
n j + /?2/2 + ^3/3 + /14/4 + ... + H(Ji + , . . .  (8)
Ay is often used (cf, e.g., Nederhof and Moed, 1993) to avoid double counting of 
internationally co-authored papers (i.e. if one sums the fractional counts of eveiy 
country that has published in a certain field and a certain period of time, the result is 
equal to the world total of publications in that field for that period).
Series expansion approximation
In reality the world has a finite number of countries, but in order to develop a model 
for the publications numbers Nint, M\ni and A^let us assume that this number is infinite. 
Hence we can write for Eq. (4):
DO DO
N i n t  =  ' L f l i  =  n l ' L n i , n l -  <?)
¿=2 f=2
We can rewrite Eq. (3) and make use of the well-known geometric series expansion 
of 1/(1-/):
N u n - n j l { \ - f )  = «, ( f + f + f 3+ f + . . .  + ƒ +  . . . ) .  ( 10)
Note that the series expansion is allowed, since ƒ  ranges between 0 (solely domestic 
publications) and 1 (entirely international papers). If we compare the right-hand side of 
Eqs (9) and (10), we see that in an ideal situation the number of papers with inter­
national co-authors decreases monotonously with a factor ƒ  like a geometric series, i.e.
ni+\ - f  nf* for all / > 1 . (11)
We should stress that this only holds when the number of international papers Nint is 
uniquely determined by ƒ  which actually is not the case. However, when one looks at 
an arbitrary set of publications, in general for large enough samples of publications, it is 
to be expected that the number of bilateral papers will be a factor larger than the 
number of trilateral papers, and so on, ad infinitum. In such a situation the geometric 
series expansion might yield a rather accurate approximation, provided there is still a 
considerable amount of publications with authors from more than, say, 6 or more
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countries, because otherwise the contribution higher order terms in the series expansion 
will be exaggerated.
Substituting Eq. (11) in Eq. (7) we obtain:
O Û  o o  o o
Mm, = X ( ' - IK  ~ ni / n \ = ni ' L i ' f l = n \ / a - / ) 2 ■ (12)
i=2 i~2 i=l
Likewise we get for Eq. (8):
Nf = 1+ //2  +/2/3 + / / 4  + . . .= - ( » , / / )  In (1 - /) . (13)
Linear approximation
Neglecting the fraction of papers with co-authors from four or more countries
(14)
(linear approximation), Eq. (13) can be written as:
Nj =  n \ (1 + f!2  + /^ /3 ) .
Since n \ ~ (1 ~  ƒ) N  (cf. Eq. (5)) we obtain (neglecting terms of the order ƒ 3):.
N f = ( l - f / 2 ~ f / 6 ) N =  (1 -0 .5 /-  0.167./2) W. (15)
Whereas Nederhof and Moed (1993) find by method of linear regression through a 
set of empirical samples
Nf=  (1 -  0 .5022 /- 0.147 f )  N (16)
which shows that their linear regression results correlate excellently with our linear 
approximation. It should be noted that Nederhof and Moed used only a few samples, 
where there was strong multilateral collaboration (Earth & Space Science, and 
Astronomy). It is doubtful that the linear approximation will hold for fields, like, e.g., 
experimental nuclear physics, where the multilateral collaboration is dominant due to 
the fact that most of the research is performed at large international facilities, like 
CERN. We will come back to the range of values for which Eqs (15) and (16) give a 
good approximation in a later section after we have introduced the Multilateral 
Collaboration Index p. .
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Multilateral Collaboration Index
Since the number of collaboration links can not be less than the number of 
international papers, that is, Mjnt >  N-int we define the Multilateral Collaboration Index 
(P) as
p =(Mint- N int)/N int. (17)
In verbal terms, p expresses the relative multilateral character in the international 
collaboration links of a country under study.
Substituting the series expansion approximation of Eq. (12) in the definition of p, 
we arrive at
p H  =ƒ/(!_ƒ). (18)
We will call this representation of p its full series expansion.
If we assume that the fraction of papers with co-authors from four or more countries 
can be neglected compared with the share of domestic, bi- and trilateral collaboration 
then we can omit all expressions of higher order than 1 in the second line of Eq. (5), 
We therefore call the resulting representation of p its linear or first order 
approximation. In particular, we have
P<l) s ( l  + 2 / ) / ( l + / ) -  1 = / / ( l  +f). (]9)
Note that pW < 0.5 whereas pM  tends to infinity with growing ƒ  The empirical p 
values are, of course, expected to reflect fie id-specific peculiarities. Thus multilateral 
research, e.g., in fields like nuclear science, general and internal medicine — where 
research is often performed in large international research groups -  is much more 
intense than, e.g., in mathematics, engineering, or chemistry. Both the full series 
expansion p(TO) and the linear approximation pW are deterministic functions with one 
free parameter each. Since these functions depend only on the share of international 
papers; they are not suited to reflect field-specific peculiarities in the extent of 
multilateral research collaboration. Therefore and pM are expected to measure 
both the countries1 and the fields' deviations from an ideal situation. In particular, we 
can inteipret observations as follows. First, note that p(°°) > pO) for every ƒ  > 0. Thus we 
can say that when a countiy has an observed p value lower than pi1), the multilateral 
collaboration is mainly bi- and trilateral. On the other hand, when p is greater than 
p(°°) then multilateral collaboration really dominates, even over bilateral collaboration. 
This applies both to fields and to individual countries within selected fields. In nuclear
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physics, for example, we will find almost all countries above the p<°°) curve, whereas in 
mathematics most countries will be located below the p(*) curve.
Three basic types o f multilateral collaboration patterns
The multilateral collaboration index (p) is expected to be strongly field-dependent. 
We introduce three basic types of ( f p) charts. These types can be used to classify field- 
specific collaboration patterns. Type I is the standard type where all points are almost 
symmetrically scattered with respect to the p = ƒ  line. Two subtypes may be 
distinguished. The first one represents the type where the chart is clearly subdivided 
into three zones with a similar number of elements. The second subtype, where all 
elements are located between the two curves, would correspond to the ideal case as 









0.00 0.00 0,10 0.20 0.30
f
0.40 0,50 0,60 0.70
Fig. 1. Sketch of the main types o f  multilateral collaboration patterns
Type II reflects the situation were bi- and trilateral collaboration dominates. Again, 
the first subtype corresponds to the case where the area above the p<°°) curve is (almost) 
empty, the second one to the case, where (almost) all countries are located below the 
p(0 curve.
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Type III (again with two subtypes) can be defined in an analogous manner for 
dominating multilateral collaboration. This classification scheme is sketched in Fig. 1. 
O f course, the borderlines between these types and subtypes are ‘fuzzy5. Thus any 
classification of science areas or subfields based on the above types and subtypes is 
somewhat arbitrary, but, even such ‘rough’ classification schemes may increase 
understanding of the particular collaboration patterns in individual science areas and 
their change in time.
Relation between the fractional count (Nf) and the multilateral collaboration index (p)
In the full series expansion we find from Eqs (10) and (11)
=  (20) 
Substituting 1 - /=  Nint/MiM in the expression for Nf in Eq. (13) we get
A ^ - 0 n/J) to (Nint/Afint) = {NNinti{MinrNijU)} In {Mint/Nint) (21)
since n\ = (1 - f)N  and ƒ  = By definition p s  {Mini-N int)fNint (cf. Eq.
17), so we get Mint/N(nt ~ p + 1. Now we can make use of the well-known series
expansion
In x = (x-1)-(x~1)2/2 + (k-1)3/3-(x-1)4/4 + (x-1 )5/5 - . .. (22)
for 0 < x < 2, to rewrite Eq. (21) as
Nf = (Nip) (p-p2/2 + p 3/3-,..) -  iV(l-p/2 + p2/3-~...) (23)
Thus we find a rather elegant expression that relates the fractional count (Nj) and the 
multilateral collaboration index (p). Now we can compare the various approximations 
for Ay of Eqs (13), (15), (16) and (23) in combination with the empirical values of Nf 
found by Nederhof and Moed (1993). In Table 1 their samples are given.
In Figure 2 different approximations of A^are plotted as a function o f/together 
with the empirical values given in Table 1. The four different curves in Figure 2 
represent (i) the full series expansion of Eq. (13) [C], (ii) the linear approximation of 
Eq. (15) [A], (iii) the full series expansion of Eq. (23) [£>], and (iv) the linear 
approximation of Eq. (23) [B] omitting terms higher than p3. In addition, the empirical 
data by Nederhof and Moed [E\ are presented in Figure 2, but the linear regression 
approximation by Nederhof and Moed in Eq. (16) has not been plotted because it is
indistinguishable from Eq. (15).
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Table 1
Empirical data relating the fractional count (Nf) with the share of internationally co-authored papers (f) for a
number fields and countries (from Nederhof and Moed, 1993)
Country Field ƒ Nf
USA Education 0.022 0.989
USA Psychology 0.053 0.972
DEU Psychology 0.088 0.955
JAP Biology 0.101 0.948
NLD Psychology 0.169 0.911
USA Earth & Space 0.196 0.895
NLD Engineering 0.351 0.811
NLD Earth & Space 0.470 0.736
SWE Astronomy 0.599 0.637
We see that both the linear and the full series expansions essentially give the same 
value for N f in the range 0 < ƒ< 0.5 and 0 < p < 1. It is rather surprising that we obtain 
the same value for Nf for even for larger values of ƒ  and p for all approximations (due 
to the fact that the series expansions converges rapidly in this range ofƒ  and p). The full 
series expansion expression for given in Eq. (23) as a function of p starts to deviate 
considerably for p > 0.6. If we do not break off the series expansion after the first few 
terms. Therefore it can be concluded that for the fractional count Nf the series 
expansion in ƒ  leads to an extremely rapidly converging approximation, even for large ƒ  
and p. It is remarkable that both the linear approximation and the full series expansion 
give essentially the same fit with the empirical data of Nederhof and Moed. On the 
other hand, however, the series expansion for Ay as a function of p does not result in an 
accurate approximation for larger values ofƒ  and p.
Concluding remarks
The introduced model proved appropriate to reflect both the particular collaboration 
patterns in individual science areas and their change in time. However, we have also to 
look at error estimates. Conclusions drawn from the above results can only be valid if 
the random error is within reasonable limits. Especially the standard error of the 
Multilateral Collaboration Index can be problematic. In particular, we have D(J) ~ 
{f(l-f)iN}~'/z<V2 N~l/2. The standard error of the share of international papers of a
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t
Fig. 2. Relation between fractional count (Nf). Share o f  international papers (ƒ) and Multilateral 
Collaboration Index (p), based on different approximations, and on the equation 
(A: B: Ay^l~p/2-f-p2/3, C: Nf=Func(f), D: /^=func(p), E: empirical data for N j according
to Nederhof and Moed]
country with, for example, 50 (100) publications is thus less than 0.07 (0.05). The 
calculation of the standard error of the Multilateral Collaboration Index is more 
difficult since Mint/Nint- l  is only an asymptotically unbiased estimate of the theoretical 
p value. However, if we proceed from the assumption that p is approximately an ideal 
variable, that is, if we assume the collaboration links to have a geometric distribution 
with parameter (q = n\!N -  1 -ƒ) over international papers, then we obtain D (p)«
for the standard error of the Multilateral Collaboration Index, provided 
Nif}t > 0. In verbal tenns, the standard errors of the two indicators are of the same order 
if  both Nfr1t and n\ are not to small. These estimates can be used for the statistical 
reliability tests in cross-national analyses within selected fields.
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